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The worldline of a uniformly accelerated localized observer in Minkowski space is restricted in the
Rindler wedge, where the observer can in principle arrange experiments repeatedly, and the Cauchy
problem for quantum fields in that Rindler wedge can be well defined. However, the observer can
still receive the signals sourced by the events behind the past horizon, and coordinatize those events
in terms of some kind of observational coordinates. We construct such observational coordinates
in some simple cases with the localized observers in Minkowski, de Sitter, and Schwarzschild-like
spacetimes, and compare them with radar coordinates for the same observers.
I. INTRODUCTION
In special relativity, an observer is considered to be localized in space with a clock [1]1. Such a localized observer
moving at a constant velocity in Minkowski space can operationally define a reference frame, called “radar coordi-
nates”, for the events in spacetime by sending a radar pulse at her proper time τi to some event and then recording
the receiving time τf of the echo from the event. Accordingly, each event can be coordinatized in terms of radar time
t = (τf + τi)/2, radar distance r = (τf − τi)/2, and the direction of sending/receiving the radar signal. The principle
of special relativity (encoded in Bondi’s k-calculus) [2, 4, 5] implies that the radar coordinates constructed in this
way coincide with the Minkowski coordinates Lorentz transformed from those for a rest observer.
A similar coordinatization scheme also works for an accelerated localized observer with an ideal clock unaffected by
its acceleration [2, 6–8] if the acceleration is not too large to invalidate the hypothesis of locality [3]. In particular, for
a uniformly accelerated observer at proper acceleration a in (1+1)D Minkowski space, radar coordinates are exactly
the conventional Rindler coordinates [9–11]
ds2 = e2aζ
(−dη2 + dζ2) , (1)
defined only in the wedge containing the observer’s worldline (wedge R in Figure 1), with radar time η ∈ (−∞,∞),
radar distance |ζ| ∈ [0,∞), and the directions of the radar signals indicated by the sign of ζ. There are some
advantages in applying Rindler radar coordinates to field theory, e.g. a Lorentz boost about the origin in the Minkowski
coordinates is simply a time translation in Rindler radar coordinates, and the Cauchy problem for quantum fields can
be well defined in Rindler radar coordinates. Nevertheless, the uniformly accelerated observer in wedge R should be
able to receive the classical signal emitted from an event behind the past horizon of radar coordinates such as the
outcome of a local measurements in wedge P on a field. How could the uniformly accelerated observer coordinatize
that event, which is never reachable by her radar signals?
When we look into the sky, we are receiving the information along the past light cones extended from our eyes.
Astronomers can see the classical signals emitted by an object billions of light years away from the Earth, while
radar was invented only decades ago. To coordinatize an observed event beyond the reach of any radar signal, one
may follow astronomers and adopt “optical coordinates” [12], also called “observational coordinates” [13] or “geodesic
light-cone coordinates” [14, 15], in terms of the signal-receiving time in the observer’s clock together with the distance
and the direction of the event seen by the observer.
In (3+1)D, the astronomical distances which may be useful for observational coordinates include the binocular
(parallax) distance, luminosity distance, angular diameter distance, and so on [16]. In the ideal cases the affine
distance and advanced/retarded distance by mathematical constructions would also be convenient for theorists [17].
To determine the astronomical distance of an object at some moment, either the observer or the observed object
has to be extended in the directions orthogonal to the null geodesic connecting the object and the observer at that
moment, while the sizes of the observer and the observed object/event are considered to be infinitesimal in this paper.
Indeed, the angular diameter distance of an object cannot be determined if its angular diameter is zero, and one
∗Electronic address: sylin@cc.ncue.edu.tw
1 The “local” observer in general relativity refers to the one confined to a finite region where the variation of gravitational field is
unobservably small [2, 3]. In addition to this locality, the “localized” observer considered in this paper has infinitesimal volume to
ensure causality and reduce the ambiguity of the coordinates determined by her.
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FIG. 1: Rindler coordinates in Minkowski space (left) and its maximal analytic extension (right).
needs a baseline between two eyes or telescopes to determine the binocular distance, or an antenna of finite area for
measuring the apparent luminosity to determine the luminosity distance from an event. In (1+1)D, however, while
radar distance can still be defined, those astronomical distances cannot be determined physically and we have to rely
on the distances by mathematical constructions to depart from radar coordinates.
The idea of the observational coordinates is not new. Similar ideas have been applied to curved spacetimes to
construct the advanced coordinates, which are the time reversal of the retarded coordinates [18, 19]. And yet,
some details of observational coordinates and even radar coordinates are not fully explored. What would the events
behind the past horizon of Rindler radar coordinates look like in the viewpoint of a uniformly accelerated localized
observer? Does an accelerated localized observer always see a past horizon of radar coordinates and the events
behind it? There is no nontrivial coordinate singularity at finite values of Rindler radar coordinates (1). How
about observational coordinates? Is the acceleration of the localized observer necessary for the presence of nontrivial
coordinate singularities?
To answer these questions, below we study a few simple cases of the localized observers in various motions and
background geometries. In section II we look at the localized observer in uniform acceleration, non-uniform accelera-
tion, and spinning without center-of-mass motion in (3+1)D Minkowski space. The cases with a comoving localized
observer in de Sitter space and in a non-eternal inflation background are discussed in section III. Then the case with
the localized observer fixed at a constant radius from the center of a spherical shell in (1+1)D is considered in section
IV. Finally, we summarize our findings with discussion in section V.
II. LOCALIZED OBSERVERS IN MINKOWSKI SPACE
The observational coordinates with the observer’s clock τ˜ , the distance r˜, and the direction (θ˜, ϕ˜) of the event seen
by a non-spinning localized observer in inertial motion in Minkowski space will coincide with the radar coordinates for
the same observer and the conventional Minkowski coordinates up to a Lorentz transformation if we define the time
coordinate as t = τ˜− r˜ (Figure 2 (left)). Similar observational coordinate systems can also be determined for localized
observers in general motions and background spacetimes, but they usually deviate from radar or other conventional
coordinates for the same observers.
A. Uniformly accelerated observer
Consider the simplest case of non-inertial motions, where the localized observer with proper time τ is uniformly
accelerated with proper acceleration a along the worldline zµ(τ) = (a−1 sinh aτ, 0, 0, a−1 cosh aτ) in Minkowski co-
ordinates xµ in (3+1)D Minkowski space. For this uniformly accelerated localized observer, a conventional, natural
choice of the coordinate system would be Rindler coordinates
ds2 = e2aζ
(−dη2 + dζ2)+ (dx1)2 + (dx2)2, (2)
with −∞ < η < ∞, −∞ < ζ < ∞, and x1 and x2 being identical to those of Minkowski coordinates. The metric
(2) is transformed from Minkowski coordinates ds2 = ηµνdx
µdxν , ηµν = diag(−1, 1, 1, 1) by x0 = a−1eaζ sinh aη
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FIG. 2: The x0x3-plane in Minkowski coordinates now coordinatized by an observer in uniform motion (left), uniform accel-
eration (middle), and constant velocity after a period of constant linear acceleration (right) in the observational coordinates.
Here x0 and x3 are denoted by t and z, respectively. The red curves represent the worldlines of the observer, the black and gray
solid lines represent the constant r˜ (advanced distance to the localized observer) hypersurfaces, and the black and gray dotted
lines represent the constant τ˜ (proper time of the localized observer) hypersurfaces. The black dashed lines in the middle plot
represent the hypersurfaces x0 − x3 = 0 and x0 + x3 = 0, which are the event horizon and the past horizon for the uniformly
accelerated observer, respectively.
and x3 = a−1eaζ cosh aη. The uniformly accelerated observer appears to be at rest along the worldline (τ, 0, 0, 0) in
Rindler coordinates (η, x1, x2, ζ). Unlike the case in (1+1)D, however, Rindler coordinates (2) in (3+1)D is not a
radar coordinate system as ζ is not the radar distance of any event off the plane of the observer’s motion x1 = x2 = 0.
1. Radar coordinates
The radar coordinates for the uniformly accelerated observer going along zµ(τ) can be obtained using the same
operations as those in the inertial cases. Suppose the observer emitted a radar pulse at τ = τi to an event E at
xµ = xµE ≡ (t, x, y, z) in Minkowski coordinates and received the echo at τ = τf . Then, the radar time and radar
distance for the event will be η = (τf + τi)/2 and r = (τf − τi)/2, respectively, and the event E will be somewhere in
the η-slice of (ξ sinh aη, x1, x2, ξ cosh aη) in terms of Minkowski coordinates (ξ ∈ R).
To determine (ϕ, θ) at τi and τf , namely, the angles of departure and arrival of the radar pulse in the observer’s point
of view, one may perform a Lorentz boost in the x3-direction about the origin to transform the η-slice to the η′ = 0
(and so t′ = 0) hypersurface in the new coordinates (Figure 3 (left)), in terms of which the event E is represented
as x′µ ≡ (t′, x′, y′, z′) = (0, x, y, Z) ≡ x′µE and the events of emitting the radar pulse (τ = η − r or τ ′ = −r) and
receiving the echo (τ ′ = +r) are represented as z′µ(±r) = (a−1 sinh(±ar), 0, 0, a−1 cosh ar). Let r′µ ≡ x′µE − z′µ(−r)
be a 4-vector pointing from the emitting event of the observer to the event E. Since x′µE is on the future light cone of
z′µ(−r), one has r′µr′µ = 0, or
(Z − a−1 cosh ar)2 + ρ2 − (a−1 sinh ar)2 = 0, (3)
with ρ2 ≡ x2 + y2. The spatial position r′uµ of the event E in the local Lorentz frame of the observer at τ ′ = −r
but represented in our working coordinates x′µ is defined by r′µ = r′(vµ + uµ), where vµ = ∂τ ′z′µ(τ ′)|τ ′=−r =
(cosh ar, 0, 0,− sinh ar) is the 4-velocity or time direction of the localized observer at τ ′ = −r, and one has vµvµ =
−1, uµuµ = +1, and uµvµ = 0 (see Figure 3 (middle)). Immediately, one can see that uµ = (r′µ/r′) − vµ with
r′ = −vµr′µ = Z sinh ar. Suppose the localized observer chooses the direction of acceleration as the z-axis (where
(θ, ϕ) ≡ (0, 0)) in her local frame and let nµ = aµ/a|τ ′=−r = (− sinh ar, 0, 0, cosh ar) be the spacelike unit vector in
that direction (aµvµ = ∂τ ′(v
µvµ)/2 = 0 for all τ
′). Then, the azimuthal angle of departure ϕ of the radar pulse in the
observer’s frame can be determined as usual,
tanϕ = y/x, (4)
while the polar angle of departure θ is given by cos θ = uµn
µ = (Z cosh ar − a−1)/(Z sinh ar), which implies
Z =
a−1
cosh ar − cos θ sinh ar > 0 (5)
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FIG. 3: (Left) Transform to a new coordinates x′µ by a Lorentz boost so that the event E is in the slice of t′ = η′ = 0. (Middle)
In the new coordinates, let r′µ = x′µE − z′µ(−r), where x′µE represents the event E and z′µ(−r) is the event that the observer
emits the radar pulse. Define the spacelike 4-vector uµ by r′µ ≡ r′(vµ + uµ), where vµ is the 4-velocity of the observer when
emitting the pulse. Let nµ be the spacelike vector points to the direction of acceleration in view of the observer. Then the
observer determines the angle of departure θ of the radar pulse by uµn
µ = cos θ. The same θ will be observed as the angle
of arrival of the radar echo at τ = +r. (Right) The black and gray curves represent the contours of ar and θ, respectively, of
radar coordinates (8) on the η′ = 0 slice in our working Minkowski coordinates x′µ for the uniformly accelerated observer (with
ϕ suppressed). The green lines are the contours of aζ in the Rindler coordinates (2) for the same observer.
and, together with the null condition (3),
sin θ =
ρ
Z sinh ar
. (6)
The angle of arrival of the radar echo perceived by the observer can be obtained simply by a time-reversal transfor-
mation of the above argument (see the gray light cones in Figure 3 (middle)). It is clear that the azimuthal and polar
angles of arrival (ϕ, θ) are exactly the same as the above angles of departure for the uniformly accelerated observer.
Thus (ϕ, θ) can be adopted straightforwardly as the angular part of radar coordinates here. Transforming from our
working coordinates x′µ back to xµ and from (6), one obtains the relations
t = Z sinh aη, z = Z cosh aη, ρ = Z sinh ar sin θ, (7)
between Minkowski coordinates (t, z, ρ, ϕ) or (t, x, y, z) and radar coordinates (η, r, θ, ϕ) of the event E, with ϕ in (4)
invariant under the transformation. Representing Z(r, θ) as (5), the line element ds2 = −dt2 + dz2 + dρ2 + ρ2dϕ2 in
Minkowski cylindrical coordinates can then be transformed to 2
ds2 =
1
(cosh ar − cos θ sinh ar)2
[
−dη2 + dr2 +
(
sinh ar
a
)2 (
dθ2 + sin2 θdϕ2
)]
(8)
with the values of radar coordinates η ∈ (−∞,∞), r ∈ [0,∞), θ ∈ [0, pi], and ϕ ∈ [0, 2pi]. In Figure 3 (right), we
show the contours of constant r (given by cosh ar = [(aZ)2 + (aρ)2 + 1]/(2aZ) from (3)) and constant θ (given by
tan θ = aρ/(aZ cosh ar− 1) = 2aρ/[(aZ)2 + (aρ)2− 1] from (6) and (3)) on the η′ = 0 slice in our working Minkowski
coordinates x′µ with ϕ suppressed. It is clear that the above radar coordinates (8) for the uniformly accelerated
observer coincide Rindler coordinates (2) only in the plane of θ = 0 and pi, i.e. x1 = x2 = ρ = 0.
Both Rindler coordinates (2) and radar coordinates (8) cover wedge R (Figure 1 (left)) with U ≡ x0 − x3(=
−a−1ea(ζ−η) = −e−aηZ) < 0 and V ≡ x0 + x3(= a−1ea(ζ+η) = eaηZ) > 0 in Minkowski coordinates. Each spacetime
point in wedge R is in principle accessible by the localized observer using those radar or light pulses, and so causally
2 Similar radar coordinates have been obtained in [20] with a different choice of the polar angle.
5FIG. 4: (Left) The intersections of past light cones (blue) of the uniformly accelerated observer at different τ˜ (red, a = 1)
and her past horizon t = −z (gray) look like τ˜ -varying parabolas (orange) in Minkowski coordinates with the azimuthal angle
ϕ˜ suppressed. (Right) In fact, the past horizon is a static paraboloid of revolution (14) in the point of view of the uniformly
accelerated observer at the origin of observational coordinates when ϕ˜ is shown.
connected with the observer both in the past and future directions. The hypersurface U = 0 is the event horizon and
V = 0 is the past horizon for the uniformly accelerated localized observer 3.
The events behind the past horizon cannot be reached by any radar pulse from the uniformly accelerated observer
and so radar coordinates are not defined around those events. Nevertheless, the localized observer can passively
receive the signal emitted by an event in wedge P and then determine the distance, which can be finite, from the
emission event to the observer. Using the receiving time in the observer’s clock, the distance, and the direction of
the event perceived by the observer, the localized observer can still coordinatize that event along the observer’s past
light cone.
2. Observational coordinates
Among the distances determined in different ways, the advanced distance may be the most convenient one in
Minkowski space for theorists. It can be read off from the field amplitude of a massless scalar field emitted by a point
source as a standard candle [21–23]. Mathematically, the advanced distance of an event seen by the localized observer
at some moment can be obtained by extrapolating the local Lorentz frame around the observer at that moment all the
way to the event. While the advanced distance is not identical to the radar distance for non-inertial localized observers,
for a general observer motion in (3+1)D Minkowski space it does coincide with the binocular distance, luminosity
distance, angular diameter distance, proper-motion distance, as well as the affine distance of a null geodesic [16].
Below, we are using the advanced distance and the observer’s proper time to construct an observational coordinate
system explicitly for our uniformly accelerated observer.
Suppose a point source emits a light signal at xµ = xµE ≡ (t, x, y, z) in the region of U < 0 in Minkowski coordinates
(wedges R and P in the maximally extended Rindler coordinates). The reading τ˜ of the clock of the uniformly
accelerated observer at the moment of receiving the light signal from the event xµE is determined by the null condition
σ (zµ(τ˜), xµE) = 0, where σ(A
µ, Bµ) ≡ − (Aµ −Bµ) (Aµ −Bµ) /2 is the Synge’s world function. This condition gives
τ˜ = a−1 ln[a(X − UV + ρ2 + a−2)/(2|U |)] with U ≡ t− z, V ≡ t+ z, ρ2 ≡ x2 + y2, and X ≡ [(t2 − z2 − ρ2 + a−2)2 +
4a−2ρ2]1/2 [21–23]. At the moment τ˜ , the 4-velocity of the observer is z˙µ(τ˜) = (cosh aτ˜ , 0, 0, sinh aτ˜) = (γτ˜ , 0, 0, γτ˜vτ˜ );
thus, γτ˜ = cosh aτ˜ and vτ˜ = tanh aτ˜ . Choosing this spacetime point of the observer when receiving the signal, z
µ(τ˜),
as the origin, the position of the emission event E in the local Lorentz frame for the observer at τ˜ can be obtained by
a Poincare´ transformation,
x˜0 = γτ˜
[
t− z0(τ˜)− vτ˜ (z − z3(τ˜))
]
, (9)
3 Hereafter our “past horizon for an observer” refers to the past horizon of the spacetime region covered by the radar coordinates for that
observer. No null geodesic starting at the observer can go beyond her past horizon, to which the observer would infer a divergent radar
distance.
6FIG. 5: Contour surfaces of constant advanced distance r˜ in view of the uniformly accelerated observer moving along zµ(τ) =
(a−1 sinh aτ, 0, 0, a−1 cosh aτ) with a = 1, represented in Minkowski coordinates with ϕ suppressed. The blue and orange
surfaces represent the region with 0 ≤ θ˜ ≤ pi/2 and pi/2 < θ˜ ≤ pi in the localized observer’s point of view (θ˜ = 0 and pi in the
+z- and −z-directions, respectively). One can see the variation of the borders (θ˜ = pi/2) in plots of different r˜ in Minkowski
coordinates. The hypersurfaces t = z and t = −z (gray) are the event and past horizons, respectively, for the uniformly
accelerated observer.
x˜3 = γτ˜
[
z − z3(τ˜)− vτ˜ (t− z0(τ˜))
]
, (10)
x˜1 = x1 − z1(τ˜) = x, x˜2 = x2 − z2(τ˜) = y. (11)
Then, one has −x˜0 = r˜ ≡ √(x˜1)2 + (x˜2)2 + (x˜3)2 = aX/2 = |∂τσ(z(τ), x)|τ=τ˜ , which is the advanced distance from
the emitting event (x˜0, x˜1, x˜2, x˜3) to the origin of this new coordinates, that is, the observer at τ˜ [23]. Using the
four parameters (τ˜ , x˜1, x˜2, x˜3) as observational coordinates, the observer can uniquely identify the event at xµE . To
find the metric for these observational coordinates, one can re-arrange the above relations in an inverse Poincare´
transformation,
t− z0(τ˜) = γτ˜
(
x˜0 + vτ˜ x˜
3
)
= γτ˜
(−r˜ + vτ˜ x˜3) ,
z − z3(τ˜) = γτ˜
(
x˜3 + vτ˜ x˜
0
)
= γτ˜
(
x˜3 − vτ˜ r˜
)
, (12)
and express dxµ as the linear combinations of dτ˜ , dx˜1, dx˜2, and dx˜3, or more conveniently, with the spatial part in
the spherical coordinates (x˜1, x˜2, x˜3) = (r˜ sin θ˜ cos ϕ˜, r˜ sin θ˜ sin ϕ˜, r˜ cos θ˜). Then, one obtains the line element
ds2 = −
[
(1 + ar˜ cos θ˜)2 − (ar˜)2
]
dτ˜2 + 2
(
dr˜ + ar˜2 sin θ˜dθ˜
)
dτ˜ + r˜2
(
dθ˜2 + sin2 θ˜dϕ˜2
)
, (13)
which is almost a special case of those in Refs. [18, 24] except that here gr˜τ˜ = gτ˜ r˜ = 1 instead of −1 because we
are looking at the past light cones (advanced coordinates) for the observer instead of the future light cones (retarded
coordinates [19]) considered in Refs. [18, 24]. 4
A coordinate singularity in the observational coordinates (13) occurs at (1 + ar˜ cos θ˜)2 − (ar˜)2 = 0, which implies
(x0)2 − (x3)2 = 0 in Minkowski coordinates from (12). In particular, the hypersurface V = x0 + x3 = 0 is the past
horizon of radar coordinates (8) for the uniformly accelerated observer, on which
r˜ =
a−1
1− cos θ˜ (14)
is independent of τ˜ and the azimuthal angle ϕ˜. Eq. (14) indicates that in view of the uniformly accelerated observer
the past horizon is a static paraboloid of revolution with the focus at r˜ = 0 (where the observer is located), the
semi-latus rectum a−1, and the open end in the direction of acceleration (Figure 4).
A person standing on the surface of the Earth experiences a roughly uniform gravitational acceleration a = g =
9.8 m/s2. If this gravitational acceleration were strictly uniform in the Universe, that person would see a static
paraboloidal past horizon (Figure 4 (right)) with the semi-latus rectum c2/a ≈ 1016 m ≈ 1 light-year, which is much
larger than the scale of the Earth.
4 The line element (13) is almost identical to Eq.(4) in Ref. [25] except the sign of gτ˜ r˜ (gur there).
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FIG. 6: Two emitters which are point-like test particles going along the timelike worldlines AB and CDE (blue) emit light rays
continuously to the uniformly accelerated observer at proper acceleration a (red worldline). The observer would see in the
direction of θ˜ = pi that one emitter started with A, went toward the observer and stopped right behind the past horizon (B).
The other emitter would be seen as started with point C, went toward the observer and crossed the past horizon (D), reached
the minimum distance r˜ ≈ 0.5/(2a) of this trip, and then dropped back and eventually stopped around the past horizon and
never crossed it again (E).
The constant-r˜ hypersurfaces in Minkowski coordinates are given by
(x0)2 − (x3)2 = ρ2 ∓ 2a−1
√
r˜2 − ρ2 − a−2 (15)
from (12), where “−” and “+” correspond to the cases with θ˜ ∈ [0, pi/2] and (pi/2, pi], respectively. In Figure 5 we
show an example of constant-r˜ hypersurfaces. While every constant-r˜ hypersurface with r˜ < 1/(2a) is timelike (Figure
5 (left)), the constant-r˜ hypersurfaces with r˜ ≥ 1/(2a) are not timelike everywhere in Minkowski coordinates (other
plots in Figure 5). In the plane of the observer’s motion x1 = x2 = 0, the line element (13) reduces to
ds2 = −(1± 2ar˜)dτ˜2 + 2dr˜dτ˜ (16)
with + and − for θ˜ = 0 and pi, respectively. From (15) with ρ = 0, the contours of r˜ in (16) are timelike in wedge R
(θ˜ = 0 and r˜ > 0, or θ˜ = pi and 2ar˜ < 1) but spacelike in wedge P (θ˜ = pi and 2ar˜ > 1) on the tz-plane in Minkowski
coordinates (Figure 2 (middle)). Such a pattern is similar to those contours of ζ in the maximally extended Rindler
radar coordinates in wedges R and P in Figure 1 (right), though they are not exactly the same.
When a point-like light source moving along a timelike worldline in Minkowski coordinates is seen behind the past
horizon (i.e., in wedge P) by the localized observer (e.g. segment AB in Figure 6), the source’s r˜ and θ˜ can never both
be constants of time in the observer’s point of view, a fact associated with the signature change of gτ˜ τ˜ in (13) (or gt˜t˜
in (18)). Thus, the past horizon is also a static limit surface for the uniformly accelerated observer. Moreover, the
accelerated observer will see that all the point-like sources not going to future null infinity will eventually approach
the past horizon and then stop there. For example, in Figure 6, two point-like emitters moving along blue timelike
worldlines AB and CDE emit light rays continuously to the uniformly accelerated observer. The observer would see
in the direction of θ˜ = pi that the emitter started with point A at distance r˜ ≈ 5/(2a) would go toward the observer
and then stop right behind the past horizon (B) at r˜ = 1/(2a) and never cross it. The other emitter would be seen
also in the direction of θ˜ = pi and started at the same distance r˜ ≈ 5/(2a) (C) but at some moment τ˜ earlier than the
time when event A is observed. It would go toward the observer and cross the past horizon (D), reach the minimum
distance r˜ ≈ 0.5/(2a) of this trip, and then drop back and eventually stop in front of the past horizon without crossing
the past horizon again (E).
If a collection of point-like sources are not exactly in the directions θ = 0 or pi of the localized observer, as they
are observed to approach the past horizon, they would also be concentrating toward the direction of the observer’s
velocity as special relativity implies [17].
A constant-τ˜ hypersurface in our observational coordinates (13) is the past light cone of zµ(τ˜) and so τ˜ is a null
coordinate. One may further define a time coordinate t˜ by letting
dt˜ ≡ dτ˜ − dr˜ + ar˜
2 sin θ˜dθ˜
(1 + ar˜ cos θ˜)2 − (ar˜)2 = dτ˜ +
d(r˜−1 + a cos θ˜)
(r˜−1 + a cos θ˜)2 − a2 , (17)
8and then (13) becomes
ds2 = −
[
(1 + ar˜ cos θ˜)2 − (ar˜)2
]
dt˜2 +
(dr˜ + ar˜2 sin θ˜dθ˜)2
(1 + ar˜ cos θ˜)2 − (ar˜)2 + r˜
2
(
dθ˜2 + sin2 θ˜dϕ˜2
)
, (18)
where the constant-t˜ slices are timelike in wedge R and spacelike in wedge P, and all of them will intersect at the
origin of Minkowski coordinates as the observer goes to future infinity, similar to the Rindler-time slices in Figure 1
(right). From (17), one has
t˜ = τ˜ +
1
2a
ln
∣∣∣∣∣1 + ar˜ cos θ˜ − ar˜1 + ar˜ cos θ˜ + ar˜
∣∣∣∣∣ (19)
which goes to −∞ in both wedges R and P as the observed events goes to the past horizon x0 + x3 = 0 (cf. Eq.(14)),
and so the past horizon is part of the past infinity with respect to t˜ for the observer. In the plane of the observer’s
motion, the line element (18) reduces to ds2 = −(1± 2ar˜)dt˜2 + (1± 2ar˜)−1dr˜2 for θ˜ = 0 and pi (cf. (16)).
Interestingly enough, when we fix θ˜ = pi/2, ϕ˜ =constant, and dθ˜ = dϕ˜ = 0, the line element (18) on this slice
looks very much like the static de Sitter coordinates (31) with the angular dimensions suppressed and a here being
identified as the Hubble constant H there. Indeed, the static de Sitter coordinates have some properties similar to
(18), as we will discuss in next section.
B. Non-uniform linear acceleration
As the motion of the observer is switched from non-inertial to inertial, the spacelike part of the constant-r˜ hypersur-
faces behind the past horizon for the accelerated localized observer will evolve to timelike surfaces. These constant-r˜
hypersurfaces in our observational coordinates will not be smooth if the observer’s acceleration is suddenly changed.
For example, in Figure 2 (right), when the acceleration suddenly drops to zero, while the tangent vector of the world-
line of the observer evolves continuously, the constant-r˜ hypersurfaces are not differentiable around the past light cone
of the moment that the observer changes acceleration. To make it differentiable the observer’s acceleration has to be
changed smoothly. The radar coordinates for the same observer behave better: the hypersurfaces of constant radar
distance evolve in the same way as the observer’s motion; namely, the first derivatives are continuous [6].
C. Spinning observer without center-of-mass motion
Suppose an observer is situated at the origin and spinning about the z-axis at a constant angular frequency
ω. Radar coordinates of the event E at (t, z, ρ, ϕ) in Minkowski cylindrical coordinates can be constructed by the
spinning localized observer in a way similar to those for a non-spinning rest observer. If a radar signal is emitted
by the observer at τi and the echo from the event is received at τf in the observer’s clock, then the radar time
and radar distance of the event are again t = (τf + τi)/2 and r = (τf − τi)/2 for the observer. The polar angle of
the event θ = tan−1(z/ρ) is a constant of time for the observer, and so the radar polar angle is still θ. The only
modification is that the radar azimuthal angle ϕ′ of the event should be determined by the average of the azimuthal
angles of arrival and departure of the radar signal in the local frames of the observer at τf and τi, respectively:
ϕ′ = (ϕ(τf ) + ϕ(τi))/2 = ϕ − ω(τf + τi)/2 = ϕ − ωt. Thus, the line element in radar coordinates can be obtained
from Minkowski cylindrical coordinates by the transformation (t′, z′, ρ′, ϕ′) = (t, z, ρ, ϕ− ωt),
ds2 = −(1− ω2ρ′2)dt′2 + 2ωρ′2dt′dϕ′ + dz′2 + dρ′2 + ρ′2dϕ′2, (20)
which is the rotating cylindrical coordinates [8, 26, 27]. It is well known that clocks along a closed curve in this
coordinate system cannot be synchronized uniquely since gt′ϕ′ 6= 0 [27]. One may define a new time coordinate as
dT ′ = dt′ − ωρ
′2dϕ
1− ω2ρ′2 (21)
to diagonalize (20) into
ds2 = − (1− ω2ρ′2) dT ′2 + ρ′2dϕ′2
1− ω2ρ′2 + dz
′2 + dρ′2, (22)
9where the timelike and spacelike properties of T ′ and ϕ′ coordinates will be switched when the observed events are
crossing the cylinder ρ′ = 1/ω.
The same event E, now represented as (t, r, θ, ϕ) in Minkowski spherical coordinates, will be observed by the
spinning observer at her proper time τ˜ = t + r. At that moment the observer will see the event in the direction
(θ˜, ϕ˜) = (θ, ϕ − ωτ˜) = (θ, ϕ − ω(t + r)) at the distance r˜ = r away from the observer. Thus the observational
coordinates for the spinning observer read
ds2 = −dτ˜2 + 2dτ˜dr˜ + r˜2
(
dθ˜2 + sin2 θ˜(dϕ˜+ ωdτ˜)2
)
= −
(
1− ω2r˜2 sin2 θ˜
)
dτ˜2 + 2dτ˜
(
dr˜ + ωr˜2 sin2 θ˜dϕ˜
)
+ r˜2
(
dθ˜2 + sin2 θ˜dϕ˜2
)
. (23)
Define a new time coordinate t˜ as
dt˜ = dτ˜ − dr˜ + ωr˜
2 sin2 θ˜dϕ˜
1− ω2r˜2 sin2 θ˜ ; (24)
one can rewrite (23) as
ds2 = −
(
1− ω2r˜2 sin2 θ˜
)
dt˜2 +
(
dr˜ + ωr˜2 sin2 θ˜dϕ˜
)2
1− ω2r˜2 sin2 θ˜ + r˜
2
(
dθ˜2 + sin2 θ˜dϕ˜2
)
. (25)
Transformed to the cylindrical coordinates, ρ˜ = r˜ sin θ˜ and z˜ = r˜ cos θ˜, the above line element becomes
ds2 = − (1− ω2ρ˜2) dt˜2 + ρ˜2
1− ω2ρ˜2
[
dϕ˜+
ω(ρ˜dρ˜+ z˜dz˜)√
ρ˜2 + z˜2
]2
+ dz˜2 + dρ˜2, (26)
which is not the same as (22) because here ϕ˜ = ϕ − ω(t + r) in observational coordinates but there ϕ′ = ϕ − ωt in
radar coordinates.
The coordinate-singularity cylinder of perceived radius ρ˜ = 1/ω is a static limit surface, beyond which nothing along
a timelike worldline in Minkowski coordinates can be at rest in view of the spinning observer. Indeed, for ρ˜ > 1/ω, dt˜
becomes spacelike and dr˜+ ωr˜2 sin2 θ˜dϕ˜ becomes timelike. For our Earth, ω ≈ 2pi/(86164 s) = 7.29× 10−5s−1, so the
static limit surface would be positioned at ρ˜ ≈ 4.11× 1012m (≈ 1.37× 104 light-seconds) away from the Earth.
Two features of the observational and radar coordinates here are different from those for a non-spinning, uniformly
accelerated observer. First, radar coordinates (22) have a nontrivial coordinate singularity at ρ′ = 1/ω, which is
the same static limit surface in the observational coordinates (26) for the same observer, while the radar coordinates
for a uniformly accelerated observer (8) are regular for all finite values of the coordinates. Second, assuming the
emitting and receiving operations of the localized observer have been started early around past timelike infinity, then
radar coordinates (20) and observational coordinates (25) will cover almost the same region in the Penrose diagram of
Minkowski space except the neighborhood of past null infinity. In contrast, for a non-spinning uniformly accelerated
observer that started the operations around past null infinity, the spacetime region covered by her observational
coordinates are clearly larger than the region covered by her radar coordinates.
III. COMOVING OBSERVER IN DE SITTER SPACE
Similar to Rindler coordinates in Minkowski space, the static and flat de Sitter coordinates do not cover the whole
de Sitter space. Below, we are constructing the observational and radar coordinates for a comoving observer localized
in de Sitter space to see if they can be related to the static, flat, or other conventional de Sitter coordinates. .
A. Observer localized at the origin
Consider the global coordinates in de Sitter space [28, 29],
ds2 = −dt2 +H−2 cosh2Ht [dχ2 + sin2 χdΩII] , (27)
= (H sinT )−2
[−dT 2 + dχ2 + sin2 χdΩII] (28)
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FIG. 7: (Left) The Penrose diagram for de Sitter space, with observational coordinates for an observer at r˜ = χ = 0 (red).
The solid curves represent the constant r˜ (affine distance from the localized observer) hypersurfaces, and the dotted lines
represent the constant τ˜ (proper time of the localized observer) hypersurfaces. The hypersurfaces T = χ and T = pi − χ
are the past horizon and the event horizon for the localized observer, respectively. Hr˜ = 1 on both horizons. (Right) The
non-eternal inflationary universe considered in section III C. Above and below the hypersurface tˆ = tˆs are pieces of de Sitter
and Minkowski spaces, respectively. There is no need of region L or P here since the region F ∪ R is geodesically complete.
Both the observational and radar coordinates for the observer localized at ρ = χ = 0 cover region R only.
where dΩII = dθ
2 + sin2 θdϕ2, H is the Hubble constant, and T = 2 tan−1[tanh(Ht/2)] so that T = 0 when t = 0.
The Penrose diagram of the de Sitter space with θ and ϕ suppressed can thus be represented as a square with
T ∈ (−pi/2, pi/2) and χ ∈ (0, pi) in the Tχ-plane, as shown in Figure 7 (left). Let
Hr˜ = coshHt sinχ =
sinχ
sinT
, (29)
Ht˜ = tanh−1 (tanhHt secχ) . (30)
Then we get the static de Sitter coordinates
ds2 = −(1−H2r˜2)dt˜2 + dr˜
2
1−H2r˜2 + r˜
2dΩII, (31)
where a coordinate singularity occurs at r˜ = 1/H. For an observer situated at r˜ = χ = 0, the coordinate time t˜ in
(31) is identical in value to the coordinate time t in (27) as well as the localized observer’s proper time. Interestingly
enough, r˜ here is actually the angular diameter distance and the affine distance of the null geodesic from an event
(t˜, r˜, θ, ϕ) to the observer at the spatial origin χ = r˜ = 0, as will be shown in section III B. For r˜ < 1/H, the static
coordinates (31) have the metric component gt˜t˜ > 0 and cover the region R in Figure 7 (left), which is the counterpart
of wedge R in Minkowski space. Outside region R, one can keep using r˜ in (29), which is well defined and ranges from
1/H (the past horizon T = χ) to ∞ (past null infinity T = 0) in region P. Note that from (29) one has the contours
of r˜ in the Tχ-plane as χ = sin−1[Hr˜ sinT ] for Hr˜ < 1, which are timelike in region R, and T = sin−1[(Hr˜)−1 sinχ]
for Hr˜ > 1, which are spacelike in region P. The boundaries of the regions, T = χ and T = pi − χ for Hr˜ = 1, are
lightlike.
One may define the null coordinate
dτ˜ = dt˜+
dr˜
1−H2r˜2 ; (32)
then, (31) becomes
ds2 = −(1−H2r˜2)dτ˜2 + 2dr˜dτ˜ + r˜2dΩII, (33)
which would be a good observational coordinate system to specify the observed events in regions P and R for the
observer localized at the origin. Here, τ˜ is the clock reading of the observer localized at r˜ = 0 (where τ˜ = t˜).
A radar coordinate system for the same localized observer can be obtained from (31) after identifying radar distance
r ≡ H−1 tanh−1Hr˜, (34)
11
such that r →∞ as r˜ → 1/H, and
ds2 =
1
cosh2Hr
[
−dt˜2 + dr2 +
(
sinhHr
H
)2
dΩII
]
, (35)
which turns out to be conformally equivalent to (8) for a uniformly accelerated observer at proper acceleration a = H
in Minkowski space. Similar to the Rindler coordinates in Minkowski space, the above radar coordinate system has
no nontrivial coordinate singularity for all finite values of the coordinates, and it only covers region R of the de Sitter
space (27) in the Penrose diagram. Again, the visible universe for the localized observer situated at r˜ = r = 0 is not
restricted in region R where radar coordinates can be defined. The observer can see the events in region P behind
the past horizon of radar coordinates (35) (r → ∞, or r˜ = 1/H) and coordinatize those events in observational
coordinates (33). Moreover, the observer will feel that all the timelike worldlines not going to future infinity of χ = 0
will be going toward and eventually stop around the past horizon, which is a sphere of radius 1/H centered at the
observer.
B. Flat coordinates
Suppose the same comoving observer happens to use the flat de Sitter coordinates,
ds2 = −dtˆ2 + a2(tˆ ) [dρ2 + ρ2dΩII] , (36)
where a(tˆ ) = eHtˆ/H, and the observer is localized at ρ = 0. Here, tˆ and ρ are transformed from the global coordinates
(27) by [29]
eHtˆ = sinhHt+ coshHt cosχ, (37)
ρ =
sinχ
tanhHt+ cosχ
, (38)
and the flat de Sitter coordinates (36) cover the region F ∪ R bounded by χ = 0, T = pi/2, and χ = T in the Penrose
diagram (Figure 7). For every null geodesic from past infinity to the observer at tˆ = tˆo, (36) implies
dtˆ
dρ
= −a (tˆ(ρ)) (39)
where the minus sign corresponds to the past light cone. Requiring ρ = 0 at t = to, the solution for (39) is
ρ = e−Htˆ − e−Htˆo (40)
along the null geodesic. Suppose the observer uses λ ≡ a(tˆo)ρ to parametrize the null geodesic so that the value of λ
matches radar distance in the neighborhood of the localized observer. By virtue of the spherical symmetry, the null
geodesic can be described by the equation
d2zµ
dλ2
+ Γµαβ
dzα
dλ
dzβ
dλ
= κ(λ)
dzµ
dλ
, (41)
where we find κ(λ) = −2HeH(tˆ(λ)−tˆo) = −2H/(Hλ+ 1) after taking zµ = (tˆ(λ), ρ(λ), θ, ϕ) and introducing (39) and
(40). While κ is not zero and so λ is not an affine parameter, one can generate an affine parameter λ∗ from λ by
solving [30]
dλ∗
dλ
= exp
∫ λ
κ(λ′)dλ′ =
1
(Hλ+ 1)2
, (42)
which gives
λ∗ =
1
H
(
1− 1
Hλ+ 1
)
=
1
H
(
1− eH(tˆ−tˆo)
)
. (43)
with the condition λ∗ = 0 at λ = 0. It turns out that λ∗ = a(tˆ)ρ = H−1 coshHt sinχ = r˜ from (43), (40), (37), (38),
and (29); namely, λ∗ coincides with the radial coordinate r˜, which is nothing but the angular diameter distance a(tˆ)ρ,
in the static coordinates (31) or (33) along the null geodesics on the past light cones of the localized observer. Thus,
the coordinates in (33) would be natural observational coordinates after identifying τ˜ = tˆo and λ
∗ = r˜. The observer
can see through the past horizon tˆ → −∞ of the flat coordinates into region P of de Sitter space, though the flat
coordinates do not cover that region.
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C. Non-Eternal Inflation
The above result is valid in de Sitter space, corresponding to an eternally inflationary universe. In the usual
non-eternal inflation model, a comoving localized observer could not see beyond the null surface T = χ and the
observational coordinates for that observer would cover only wedge R in the Tχ-plane, as shown in Figure 7 (right).
For example, suppose an inflation era of a flat spacetime is started with a Minkowski space at tˆ = tˆs, and the metric
of the spacetime is given by
ds2 = −dtˆ2 + a2(tˆ ) (dρ2 + ρ2dΩII) (44)
where a(tˆ ) = eHtˆ/H is exponentially growing in time for tˆ ≥ tˆs and a(tˆ ) = eHtˆs/H is a constant for tˆ < tˆs. Using the
inverse transformations of (37) and (38) from (tˆ, ρ) to (t, χ), one can see that the flat coordinates in (44) still cover
region F ∪ R in the Penrose diagram for de Sitter space in the Tχ-plane.
For a localized observer at the spatial origin (ρ = χ = 0) with the metric in (44), the light pulse from the
event at (tˆ, ρ, θ, ϕ) is received by the observer at her proper time tˆo determined by (40) for tˆ ≥ tˆs and by ρ =
e−Htˆs − e−Htˆo + e−Htˆs(tˆs− tˆ) for tˆ < tˆs. Thus, the angular diameter distance of the event for the localized observer is
a(tˆ )ρ =
 H
−1
(
1− eH(tˆ−tˆo)
)
for tˆ ≥ tˆs,
H−1
(
1− eH(tˆs−tˆo) + tˆs − tˆ
)
for tˆ < tˆs,
(45)
which diverges as tˆ → −∞. In other words, the distance from the hypersurface tˆ → −∞ is infinity for the observer
at the origin, and the region F ∪ R is geodesically complete. In Figure 7 (right) there would be nothing behind past
infinity at T = χ to be visible for the observer.
In Figure 7 (right), one can also see that the physical objects with timelike worldlines passing through the event
horizon (the null surface labeled τ˜ → ∞) after the onset of inflation (tˆ > tˆs) would appear to go away from the
observer and approach the illusory horizon at r˜ = 1/H at late times for the observer. The other physical objects,
which pass through the event horizon before tˆs, would be observed at late times as frozen at some distances greater
than 1/H, and their clock readings would never reach tˆs, if all the clocks have been synchronized initially at tˆ→ −∞.
IV. OBSERVER OUTSIDE A SPHERICAL SHELL IN (1+1)D
The null geodesics around a black hole in (3+1)D can be complicated even in the simplest case of Schwarzschild
spacetime [17, 31, 32], and so observational and radar coordinates in terms of perceived and radar distances for a
localized observer may not be convenient for analysis. Nevertheless, the observational and radar coordinates for a
localized observer in (1+1)D Schwarzschild geometry can be simple enough for us to gain insights.
Kruskal coordinates for a (1+1)D Schwarzschild black hole look very similar to Rindler coordinates in (1+1)D
Minkowski space. One may be tempted to think that an observer localized outside an eternal black hole or a
collapsing star would be able to coordinatize the events behind the past horizon at the Schwarzschild radius in
Kruskal coordinates, and would observe that most of the timelike worldlines would eventually approach the past
horizon with increasing redshift. Similar to the cases in de Sitter space, such a speculation would be true only in the
maximally extended Schwarzschild coordinates for an eternal black hole (with the white hole singularity visible by a
localized observer outside), but not in the case of a spherical collapsing star, which forms a black hole at late times
as in the example below.
Consider a (1+1)D spacetime in the presence of a spherical thin shell of mass M and radius r = rs > 2M [30, 33],
ds2 = −A(r)dt2 +B(r)dr2, (46)
where
A(r) = 1/B(r) = 1− 2M
r
for r > rs, (47)
A(r) = As ≡ 1− 2M
rs
, B(r) = 1 for r ≤ rs, (48)
and a localized observer outside of the shell is fixed at a constant radial distance r = ro > rs from the center of
the spherical shell in the above bookkeeper coordinates [34]. The event at (t, r) can be specified by radar time
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t′ = (τf + τi)/2 =
√
Ao t with Ao ≡ A(ro) = 1− (2M/ro), and radar distance
r′ =
√
Ao
∆t
2
=
√
Ao
∣∣∣∣∣
∫ r
ro
√
B(r¯)
A(r¯)
dr¯
∣∣∣∣∣
=

√
Ao
∣∣∣r − ro + 2M ln r−2Mro−2M ∣∣∣ for r > rs,√
Ao
(
1√
As
(rs − r)− rs + ro − 2M ln rs−2Mro−2M
)
for r ≤ rs.
(49)
Then (46) can be transformed to radar coordinates
ds2 =
A(r)
Ao
(−dt′2 + dr′2) (50)
for the localized observer. For r ≤ rs, gr′r′(= −gt′t′) goes to zero and radar distance r′(r) diverges to infinity as
rs → 2M .
Following the same transformations from Schwarzschild coordinates to Kruskal coordinates, (46) in the presence of
the spherical shell can be transformed into the Kruskal-like coordinates
ds2 =
{
16M2
r exp
{− r2M } (−dη2 + dρ2) for r > rs,
16M2
rs
exp
{
− 12M
[
1√
As
(r − rs) + rs
]} (−dη2 + dρ2) for r ≤ rs, (51)
where η = (v + u)/2 and ρ = (v − u)/2, with v = eV/(2M) > 0, u = −e−U/(2M) < 0, V = t + r∗, U = t − r∗, and
dr∗ = dr
√
B(r)/A(r). The Kruskal-like coordinates (51) are equivalent to radar coordinates (50) up to a conformal
transformation (note that V = (t′+ r′)/
√
Ao and U = (t
′− r′)/√Ao ). On the ηρ-plane, the constant-t hypersurfaces
in (46) are straight lines
η =
1− et/(2M)
1 + et/(2M)
ρ, (52)
and the constant-r hypersurfaces are hyperbolae
η2 − ρ2 =
{ −(r − 2M) exp{ r2M } for r > rs,
−(rs − 2M) exp
{
1
2M
[
1√
As
(r − rs) + rs
]}
for r ≤ rs.
(53)
One can see that the region covered by radar coordinates (51) is contained in wedge R in the diagram of the maximal
analytic extension of Kruskal coordinates for a Schwarzschild solution of mass M (Figure 8 (left)) and is geodesically
complete. Each event in the covered region has a two-way causal connection with the localized observer. In the case
of the spherical shell here, there is no room for any counterpart of wedge P in the maximal analytic extension of
Rindler coordinates, not to mention any past horizon for the localized observer at r = ro.
In a static spacetime (46), while in (1+1)D, the astronomical distances for a localized observer cannot be determined,
one can still formally define the affine distance of an event as the difference of the normalized affine parameter along
a null geodesic connecting the event at r = re and some point of the worldline of the localized observer at ro in
the future of the event. From the geodesic equations, the affine distance reads r˜ = α
∣∣ ∫ re
ro
√
ABdr
∣∣ up to a constant
factor α [17, 32]. We choose α = 1/
√
Ao to match the radar distance in the neighborhood of the localized observer.
Rewriting re as r, we find the affine distance
r˜ =
|r − ro|√
Ao
(54)
for the events outside the spherical shell (r > rs), and
r˜ =
1√
Ao
[
ro − rs +
√
As(rs − r)
]
(55)
for the events inside (r < rs). One can see that r˜ is finite for r = 0 and r = 2M . The observational coordinates for
the observer localized at r = ro then read
ds2 =
 1Ao
[
−
(
1− 2M
ro±r˜
√
Ao
)
dτ˜2 + 2dτ˜dr˜
]
for r > rs,
−AsAo dτ˜2 + 2dτ˜dr˜ for r ≤ rs,
(56)
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FIG. 8: (Left) Bookkeeper coordinates (46) for a spherical massive shell are represented on the ηρ-plane of the Kruskal-like
coordinates (51). The hypersurfaces r = 2M (dashed) and r = 0 (dotted) behind the spherical shell r = rs (thick black) are
all in the same “wedge R.” (Right) A speculative scenario of a collapsing shell forming a black hole (we assume the collapse is
adiabatic and dynamics of the metric is ignored). The spacelike zigzag curve represents the singularity at r = 0 that the shell
collapsed into. The dot-dashed lines represent the future light cone emitted from the event P that the shell started to collapse
from a constant radius r = rs. Outside the future light cone, the metric is identical to the one in the left plot.
where dτ˜ = dt′+(dr˜/A(r)) for r > rs, dτ˜ = dt
′+(Ao/As)dr˜ for r ≤ rs, and + and − correspond to the cases of r > ro
and rs < r < ro, respectively. Observational coordinates (56) cover almost the same region that radar coordinates
(50) do at late times in the Penrose diagram except the neighborhood of past null infinity. Since the affine distance
r˜ in (54) and (55) is proportional to r, the contours of r˜ in the ηρ-plane and the Penrose diagram for (56) have the
same pattern as those of r for (46).
If the worldline of the observer is started at some point in past null infinity rather than past timelike infinity, then the
situation will be similar to the one with the uniformly accelerated observer in Minkowski space: the spacetime region
Ro covered by observational coordinates will be significantly larger than the region Rr covered by radar coordinates
in the Penrose diagram. The border of Rr and Ro − Rr is the past horizon where the radar distance is infinity but
the affine distance is finite for the localized observer.
In Figure 8 (right), we sketch a scenario of a collapsing thin shell similar to the collapsing star in Ref. [35]
(calculations can be found in the literature, e.g., Ref. [30]). The union of wedges R and F is maximal, and there is
no need of attaching wedges L and P or a white hole. As the shell radius is approaching the Schwarzschild radius
(rs → 2M), an observer localized at ro outside the shell would perceive that the thickness of the star in terms of the
affine distance is decreasing, since the depth information of different interior points of the star would be suppressed as√
As → 0 in this limit (note that the (rs − r) term in (55) is proportional to
√
As). Although that depth information
could be resolved in terms of the radar distance whenever rs 6= 2M (the (rs − r) term in (49) is proportional to
1/
√
As), measuring the radar distances of the shell interior could be much harder than measuring the affine distances
in the limit rs → 2M because the former needs more historical knowledge about the received signals (echoes) for the
observer, e.g., the departure time τi of a radar signal from the observer to the star, which may be lost as τf − τi
becomes extremely large in the limit rs → 2M . Also, the ingoing radar signal may add energy to a nearly black star
then turn the star to a black hole. In this case, the radar echo will never come back to the outside world 5. Finally,
at late times of gravitational collapse, the outside observer will never see the event horizon or the past horizon in the
observer’s radar coordinates, since no past light cone from the observer will intersect them. The observed horizon at
the affine distance r˜|rs→2M =
√
ro(ro − 2M) from the observer is the illusory horizon [17].
5 Similar observation in (3+1)D in terms of more measures of distance may be relevant to the area law of black hole entropy [32].
15
V. SUMMARY AND DISCUSSION
We have considered the observational coordinates and radar coordinates for the localized observers in (3+1)D
Minkowski space in inertial motion (Mi, Section II), in uniform acceleration (Ma, Section II A), and spinning without
center-of-mass motion (Ms, Section II C), and for those observers comoving in de Sitter space (dS, Section III A), fixed
at constant radius in (1+1)D Schwarzschild geometry outside of static (Ss) and collapsing (Sc, Section IV) spherical
shells, as well as the cases of non-uniform acceleration in Minkowski space (Mnu, Section II B) and non-eternal inflation
(Nei, Section III C) where the universe was similar to Minkowski space before the onset of inflation.
A. Regions covered by radar and observational coordinates
Observational coordinates are determined by a localized observer according to the light or radar signals received.
Radar coordinates are determined with a stronger condition that those received signals are echoes of the radar signals
emitted earlier by the same observer. Thus, the spacetime region Rr covered by radar coordinates must be contained
by the region Ro covered by the observational coordinates for the same observer. For an observer localized at the
origin in Minkowski space, either non-spinning (in Mi) or spinning (in Ms), and for a localized observer fixed in
(1+1)D Schwarzschild geometry at a constant radius from the center of a spherical shell (in Ss), radar coordinates
and observational coordinates for the localized observers at late times appear to cover the same spacetime regions in
the Penrose diagrams, where Ro is the closure of Rr. The situations are similar in the cases Nei and Sc, where neither
observational nor radar coordinates can cover the whole universe due to the presence of the event horizon. The region
Ro − Rr becomes significant in the Penrose diagrams in Ma and dS. In these cases, the observers can see through
the past horizons of radar coordinates and coordinatize the events beyond the reach of radar coordinates with some
physical assumptions.
B. Static limit surface and past horizon
Coordinate singularities at finite perceived distances in observational coordinates arise in the cases Ma and Ms
for non-inertial observers in Minkowski space and dS for a comoving observer in de Sitter space. These coordinate
singularities are associated with signature change of the metric component gτ˜ τ˜ or gt˜t˜ in each case and correspond to
the static limit surfaces, beyond which no point-like physical object is possible to be seen at rest in the viewpoint
of the localized observer. In Ma and dS, the static limit surfaces of observational coordinates coincide with the past
horizons of radar coordinates for the same observers. However, in Ms, observational and radar coordinates for the
spinning observer share the same static limit surface which is not the past horizon for the observer.
C. Coordinate singularity and acceleration
While the observers in the cases Ma and Ms are accelerated, and the comoving objects in the case dS look accelerated
in the viewpoint of the observer, the accelerations of the observer and/or the comoving objects are not always
associated with the coordinate singularities at finite perceived distance in observational coordinates. Indeed, there is
no static limit surface at finite perceived distance in the cases Ss and Nei, although in Ss, the localized observer fixed
at a constant radius from the center of a static massive spherical shell is at a constant acceleration, and in Nei, the
accelerations of the comoving objects become nonzero and never vanish after the onset of inflation.
D. Event horizon and illusory horizon
There exist event horizons in the cases Ma, dS, Sc, and Nei. The localized observer at late times in Ma, dS, or Sc
would see an illusory horizon [17] at some finite distance in her observational coordinates. All the visible physical
objects with timelike worldlines passing through the event horizon would appear to approach the illusory horizon and
eventually freeze there. In the Penrose diagrams of these cases, an illusory horizon does not have to coincide with
the past horizon (in Sc there is even no past horizon). In Nei, only the timelike worldlines passing through the event
horizon after the onset of inflation would be observed like that: they would appear to go away from the observer and
approach the illusory horizon at late times. Other physical objects would be seen at late times as frozen behind the
illusory horizon.
16
The non-uniformly accelerated observer in the case Mnu with no event horizon could still see a surface similar to
the illusory horizon. During the period of constant acceleration the visible physical objects also tend to approach
that surface and freeze there. However, the spinning observer in Ms with no event horizon could not see any illusory
horizon, even if a coordinate singularity occurs at finite distance in this case.
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